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ABSTRACT

Thegeneralizedissignmenproblemis aclassicakombina-
torial optimizationproblemknown to be NP-hard. It canmodel
a variety of real world applicationsin location, allocation,ma-
chineassignmentand supply chains. Researcherhave studied
the problemsincethelate 1960s,andcomputercodesfor practi-
cal applicationsemegedin the early 1970s. We proposea hew
algorithm for this problemwhich provesto be more effective
thanpreviously existing methods.The algorithmfeaturesa path
relinking approachwhich is a mechanismfor generatingnew
solutionsby combiningtwo or morereferencesolutions. Com-
putationalcomparisonn benchmarkinstancesshav that the
methodis notonly effective in generalput is especiallyeffective
for the typesD and E instancesof the generalizedassignment
problemwhich areknown to be quite difficult.

INTRODUCTION

We introducean effective metaheuristicalgorithm for the
generalizedssignmenproblem(GAP), whichis oneof therep-
resentatie combinatorialoptimization problemsknown to be
NP-hard.This problemhasmary importantapplicationsnotably
including scheduling,supply chain, location and vehicle rout-
ing problems.Consequentlythe challengeof designinga good
heuristicalgorithmfor GAP hassignificantpracticalaswell as
theoreticalvalue.

Our algorithm featuresa path relinking approach(Glover,
1994, 1997) associatedwith adaptve memory programming
(taku search)which providesan “evolutionary” mechanisnfor
generatingnew solutionsby combiningtwo or more reference
solutions. The algorithm also featuresan ejection chain ap-
proach,likewise associatedvith tatu search,which is embed-
dedin aneighborhoodonstructiorto createmorecomplex and
powerful moves. Lagrangianrelaxationprovides adjustedcost
informationto guidethe neighborhoodsearchto promisingso-
lutions. Moreover, we incorporatean automaticmechanisnfor
adjustingsearctparametergp maintainabalancebetweervisits
to feasibleandinfeasibleregions.
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Computationalcomparisonsare conductedon benchmark
GAP instanceknown astypesC, D andE. Thesetestproblems
aretakenfrom the OR-Library, which is the primary repository
for suchproblems,and are supplementedy additionaltestin-
stancegeneratedy oursehes. Theresultsshav thatour GAP
methodis highly effective, especiallyfor the typesD andE in-
stanceswhich have beenestablishedsthe mostdifficult prob-
lem classes.

Our proposedalgorithm is confirmed by extensve com-
putationalexperimentto be efficient and robust, both in rela-
tion to parametersettingsand variationsin problemstructure.
The outcomesndicatethat useful benefitsresultby combining
pathrelinking andejectionchainstratgjiesassociategvith adap-
tive memory methods,and making use of classicalrelaxation
methodology The resultingmethodyields a powerful and ef-
fective tool for practicalapplications.

GENERALIZED ASSIGNMENT PROBLEM

GivennjobsJ=1{1,2,...,n} andmagentd ={1,2,...,m},
weundertale to determineaminimumcostassignmensubjecto
assigningeachjob to exactly oneagentandsatisfyingaresource
constrainfor eachagent.Assigningjob j to agent incursacost
of ¢;j andconsumesnamounta;j of resourcewhereaghetotal
amountbf theresourcewvailableatagent is b;. An assignmenis
amappingo: J — |, whereo(j) =i meanghatjob j is assigned
to agenti. Thenthe generalized assignment problem (GAP) is
formulatedasfollows:

minimize cogt(o) = cho(j)’j
I3
subjectto Z aij <hj, Viel. (1)
1€

o(j)=i

GAPisknownto beNP-hard andthe (supposedlysimplerprob-
lem of finding a feasiblesolutionfor GAP is alsoNP-hard since
thepartitionproblemcanbereducedo this problemwith m= 2.

1



Januaryll,2002  6:33

Therearefive typesof benchmarknstancesalledtypesA,

B, C,D andE (ChuandBeasle, 1997;Lagunaetal., 1995).Out
of thesewe usethreetypesC, D andE, sinceothertwo aretoo
easyto seedifferenceamongthetestedalgorithms.TypesD and
E areusuallysomevhatharderthantype C, sincec;j; anda;j are
inverselycorrelated We testedl8 instance®f typesC, D andE
with n up to 200. Amongthem,typesC andD instancesvere
takenfrom OR-Library! andtypeE instancesveregeneratedby
ourseles,andareavailableat our WWW site?

ALGORITHM

Our algorithm, called PREC (path relinking & ejection
chains),is anextensionof local search Local searctstartsfrom
aninitial solutiono andrepeatedlyreplacess with a betterso-
lution in its neighborhood N(o) until no bettersolutionis found
in N(0). Theresultingsolutiona is locally optimal in the sense
thatno bettersolutionexistsin its neighborhood A shift neigh-
borhoodNgpf; is usuallyusedin local searchmethodsfor GAPR,
whereNghitt(0) = {0’ | 0’ is obtainedfrom o by changingthe
assignmenbf onejob}. Our algorithm usesan ejectionchain
neighborhoodwhich consistsof solutionsobtainableby certain
sequencesf shift moves. Sincethe sizeof suchaneighborhood
canbecomeexponential,we carefully limit its sizeby usingthe
informationfrom the Lagrangiarrelaxationof GAP. Theresult-
ing local searchs calledEC probe. For detailsof EC probe,see
(Yagiura,lbarakiandGlover, 1999).

Whenthesearchvisits theinfeasibleregion, we evaluatethe
solutionsby anobjective function penalizedby infeasibility:

pcost (o) = cost(0) + Z aipi(0), 2)

wherepi (o) = max{0, ¥ jej o(j)—i&j — bi} . The parameters
(> 0) are adaptvely controlledduring the searchby using the
algorithmin (Yagiura,lbarakiandGlover, 1999).

Theinitial solutionsfor EC probesaregeneratedby pathre-
linking, which is a methodologyto generatesolutionsfrom two
or more solutions. Here we generatea sequencesg,d1,02,. ..
of solutionsfrom two solutionsoa and og as follows. First
we setap ;= oa. Then,for eachk = 1,2,..., we defineoy to
be the solutionin Nsnit(0k—1) with the bestpcost amongthose
whosedistanceto og is smaller than that from o,_1, where
the distancebetweentwo solutionso and o’ is definedto be
I{j €J|o(j)#0'(j)}|- Letd bethedistancebetweersolutions
oa andog. Thenoy = o holds. We keepthe besty (a parame-
ter) solutionsfrom {01,02,...,04-1} in aheap,andusethemas
theinitial solutionsfor EC probes.

1URL of OR-Library: http://mscmga.ms.ic.ac.uk/jeb/orlgapinfo.himl
2URL of our WW\W site: http://www-oramp.i.kyoto-u.ac.jp/"yaiuratap

Table 1. COMPARISON OF PATH RELINKING AND UNIFORM
CROSSOVER

pathrelinking uniform crosseer
type n m  min avg. max min avg. max

100 5 1931 *1931.0 1931 1931 *1931.0 1931
100 10 1402 *1402.0 1402 1402 *1402.0 1402
100 20 1243 *1243.0 1243 1243 *1243.0 1243
200 5 3456 *3456.0 3456 3456 *3456.0 3456
200 10 2806 *2806.8 2807 2806 *2806.8 2807
200 20 2391 2391.6 2392 2391 *2391.0 2391
100 5 6353 *6353.2 6354 6353 6354.0 6356
100 10 6348 *6353.0 6358 6359 6363.4 6370
100 20 6210 *6215.2 6220 6259  6269.0 6275

200 5 12744 12744.8 12746 12744 *12744.6 12746
200 10 12436 *12438.6 12441 12464 12468.0 12473
200 20 12266 *12268.4 12271 12349 12356.4 12363
100 5 12681 *12681.0 12681 12681 12681.2 12682
100 10 11577 *11577.0 11577 11577 *11577.0 11577
100 20 8436 *8441.0 8444 8526  8547.4 8563
200 5 24930 *24930.0 24930 24930 24930.2 24931
200 10 23307 *23307.8 23308 23312 23313.0 23315
200 20 22384 *22385.8 22388 22451 22493.0 22528

mmMMmMMmMMMOOOTOOOOOO00000

Wheneer path relinking is applied, the two solutionsoa
and ag are randomly chosenfrom a referencesetR (|R| is a
parameterpf good solutions. Then, before applying the path
relinking, a randomshift is appliedto og with probability 1/2
(no shift is appliedwith probability 1/2) to keepthe diversity of
the search. Initially R is generatedandomly Oncea feasible
solutionis found, oneof the solutionsin R is theincumbentso-
lution (i.e., the bestfeasiblesolution). Othersolutionsin R are
maintainedasfollows. Wheneer an EC probestops.the locally
optimalsolutionadyep is exchangedvith theworstsolutionoyorst
in R (excludingtheincumbentsolution),underthe conditionthat
Olopt iS Notworsethanoyorst andis differentfrom all solutionsin
R.

COMPUTATIONAL RESULTS

In this section,algorithm PRECis evaluatedon the bench-
mark instances. All the algorithmswere codedin C andrun
on a workstationSunUltra 2 Model 2300 (two UltraSRARC I
300MHzprocessorwith 1 GB memory) wherethecomputation
wasexecutedon a single processar The parametersvere setto
|R| = 20andy = 10.

Path Relinking and Uniform Crossover

We first comparedhe pathrelinking approachwith the ap-
plication of uniform crosseer. Uniform crosseer is oneof the
traditionalmethodgo generate new solutionby combiningtwo
(or more) solutions,which is often usedin geneticalgorithms.
The uniform crosseer operationas normally definedmust be
amendedo maintainthe assignmenstructureof GAP solutions,
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which we accomplishin a simple mannerby making reference
to the 0 mappingasfollows. A new solutioncygy is generated
from two solutionsoa and og by randomly choosingoney(j)
from {oa(j), os(j)} with probability 1/2 for eachj € J inde-
pendently

Table 1 shawvs the comparisorof the two approachesThe
two algorithmsare exactly the sameexcept for thesesolution
generatiormechanismg, e., we took full advantageof all of the
ejectionchainmethodologyandthe Lagrangiarnrelaxationcom-
ponentin the uniform crossw@er version. Eachalgorithmwas
executedfive timesfor eachinstance,and the minimum, aver
ageand maximumcostsare reported. The time limit for each
runis 150(resp.,300)seconddor instancesvith n = 100(resp.,
200). The mark ‘x’ meansthat a better (or the same)average
costis attained. For the type C instanceswhich are quite easy
for both methods no significantdifferencesemege. However,
for themorechallengingype D andE instancesthe pathrelink-
ing approactclearly dominateghe uniform crosseer approach.
In fact,for thetype D andE instancestheworstresult(asshavn
in the column“max”) obtainedby pathrelinking is often better
thanthe bestresult(asshavn in the column“min”) obtainedby
uniform crosseer (e.g.,type D, n=100,m= 10).

Comparison with Other Heuristics

Algorithm PRECwas comparedwith eight heuristicalgo-
rithms: (1) talu searchbasedon ejection chainsby (Yagiura,
Ibaraki and Glover, 1999) (denotedTSEC), (2) two algorithms
of branchingvariabledepthsearchby (Yagiura,Yamaguchiand
Ibaraki, 1998)(denotedBVDS-l andBVDS-j), (3) variabledepth
searchby (Yagiura, Yamaguchiand Ibaraki, 1999) (denoted
VDS), (4) variable depth searchby (Racerand Amini, 1994)
(denotedRA), (5) taku searchby (Lagunaetal., 1995)(denoted
LKGG), (6) taku searchfor the generalpurposeconstraintsatis-
factionproblemby (Nonobeandlbaraki, 1998)(denoted\l), (7)
a MAX-MIN ant systemcombinedwith local searchandtabu
searchby (Louren® and Serra,1998) (denotedRLS). TSEC,
BVDS-I, BVDS-j, VDS andRA were codedin C languageby
oursehes,while thecodesof LKGG, NI andRLS wereprovided
by the authors. The codesof LKGG and NI arewritten in C,
andthat of RLS is written in FORTRAN 77. The parameters
for BVDS-l, BVDS-j and VDS are setto the valuesreported
in (Yagiura, Yamaguchiand Ibaraki, 1998). RA doesnot in-
cludeary parameter The parametergor LKGG andNI areset
to the default values. The RLS codesinclude varioustypes of
algorithms which canbe combinedby choosingappropriateop-
tions. Herewe chosethe option ASH+LS+TSasrecommended
in (Louren® andSerra,1998),andotherparametersveresetto
the default values.For comparisorpurposesye alsoincludein
Table2 theresultsof thegeneticalgorithmby (ChuandBeasls,
1997)(denotedCB), andthetalu searctby (DiazandFerrandez,
2001) (denotedDF). The resultsof CB for type E instancesare

notavailable,andaredenotedN.A.’ in thetable.

Table 2 shaws the bestcostsobtainedby thesealgorithms
within 150 secondgor n = 100, and 300 seconddor n = 200,
respectrely, unlessotherwisestatedbelow thetable. See(Yag-
iura, Ibaraki and Glover, 1999) for the computationatime of
RLSandCB. Accordingto theestimaten (DiazandFerrandez,
2001),thetotal time of eachrun of algorithmDF is smallerthan
ours; however, the resultsin columnDF arethe bestof 30 runs,
andif thisfactis takeninto considerationthetotal time of DF is
largerthanours.In Table2, we alsoshav thelower bounds(de-
notedLB) obtainedby solvingtheLagrangiarrelaxationof GAP.
In thetable,each™ markindicateshatthe bestcostis attained,
and‘—' meansthat no feasiblesolutionwas found. From the
table,we canobsene thatthe proposedRECis very effective,
especiallyfor typeD instances.

Detailed Results of Our Algorithm

As a foundationfor encouraginguture researchwe also
shav the detailedresultsof the proposedPRECmethodin Table
3with alongertimelimit for eachrun: 3000secondg$or n= 100,
and6000seconddor n = 200,respectiely. Thetableshavs the
minimum,averageandmaximumcost,thenumberof runswhere
thebestsolutionis found,andthe averagecomputationatime to
find the bestsolution (over thoserunsin which the bestcostis
found)amondfive runsof algorithmPREC.In thistable,we also
shav the bestknown solutionsin (Yagiura,lbaraki and Glover,
1999),wherethe valueswith ‘t* areknown to be optimal. The
mark‘x’ (resp.,'*x’) meansthatatie (resp.,better)solutionis
found. We canobsenre thatthreenew bestsolutionswerefound
for typeD instancesFor mostof theinstancesvhoseoptimalso-
lutionsareknown, algorithmPRECfound the optimal solutions
in all of thefive runs.

CONCLUSION

The proposedpathrelinking approach(PREC)provesto be
highly effective for the generalizedassignmenproblem. Isolat-
ing the pathrelinking componenbf our algorithmandcompar
ing it to the useof a uniform cross@er componen{a traditional
meanfor combiningsolutionsoften reportedto be a methodof
choice)discloseghatthe outcomesrom pathrelinking aresig-
nificantly superiorto thoseof uniform crosswer. More exten-
sive comparison®of the PREC algorithm, testingagainsteight
othermethodghataretheleadingheuristicapproachefor GAP,
confirmthehigh quality of themethods performancen general.
PRECfoundbettersolutionsthantheothermethoddor all tested
typeD instancesandmary of thetype C andE instancesTests
of PREC with longer computationaltime are also performed,
yielding new bestsolutionsfor threetype D instances.
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Table 2. THE BEST COSTS OBTAINED BY THE TESTED ALGORITHMS
type n m LB PREC TSEC BVDS-l BVDS- YYI RA LKGG NI RLS CcB* DF~*
C 100 5 1930  *1931 *1931 *1931 *1931  *1931 1938 *1931  *1931 1942 *1931  *1931
C 100 10 1400  *1402 *1402 *1402 1403  *1402 1405 1403 1403 1407 1403  *1402
C 100 20 1242 *1243 *1243 1244 1244 1246 1250 1245 1245 1247 1244  *1243
C 200 5 3455  *3456 *3456 *3456 3457 3457 3469 3457 3465 3467 3458 3457
C 200 10 2804 2807  *2806 2809 2808 2809 2835 2812 2817 2818 2814 2807
C 200 20 2391 2392 2392 2401 2400 2405 2419 2396 2407 2405 2397  *2391
D 100 5 6350  *6353 6357 6358 6362 6365 — 6386 6415 6476 6373 6357
D 100 10 6342  *6348 6358 6367 6370 6380 6532 6406 6487 6469 6379 6355
D 100 20 6177  *6210 6221 6275 6245 6284 6428 6297 6368 6358 6269 6220
D 200 5 12741 *12745 12746 12755 12755 12778 — 12788 12973 12923 12796 12747
D 200 10 12426 *12436 12446 12480 12473 12496 12799 12537 12889 12746 12601 12457
D 200 20 12230 *12267 12284 12440 12318 12335 12665 12436 12793 12617 12452 12351
E 100 5 12673 *12681 12682  *12681 12682 12685 12917 126877 12686 12836 N.A.  *12681
E 100 10 11568 *11577 *11577 11585 11599 11585 12047 11644t 11596 11780  N.A. 11581
E 100 20 8431 8444  *8443 8499 8484 8490 9004 85277 8509 8717 N.A. 8460
E 200 5 24927 *24930 *24930 24942 24933 24948 25649 251477 24958 25317  N.A. 24931
E 200 10 23302 23308 *23307 23346 23348 23340 24717 235677 23396 23620 N.A. 23318
E 200 20 22377 *22384 22391 22475 22437 22457 24117 226597  2255F 22779  N.A. 22422

TResultsafter1,000secondon SunUltra 2 Model 2300
}Resultsafter5,000secondon SunUltra 2 Model 2300
*+xResultsn (ChuandBeaslg, 1997)

Table 3. DETAILED RESULTS OF ALGORITHM PREC

best costof 5 runs #bestavg.time time
type n m LB known min avg. max found tobest limit
C 100 5 1930 71931 *1931 1931.0 1931 5/5 0.7 3000
C 10010 1400 71402 *1402 1402.0 1402 5/5 2.8 3000
C 10020 1242 71243 *1243 1243.0 1243 5/5 32.3 3000
C 200 5 3455 73456 *3456 3456.0 3456 5/5 10.7 6000
C 20010 2804 2806 *2806 2806.2 2807 4/5 1070.7 6000
C 20020 2391 72391 *2391 2391.0 2391 5/5 1804.36000
D 100 5 6350 '6353 *6353 6353.0 6353 5/5 83.6 3000
D 10010 6342 6349 **6348 6352.0 6356 1/5 7.1 3000
D 10020 6177 6196 6197 6204.0 6209 1/5 2340.23000
D 200 5 12741 12743 *12743 12743.412744 3/5 3565.16000
D 200 10 12426 12436 **12433 12436.012438 1/5  480.3 6000
D 200 20 12230 12264 **12244 12251.412258 1/5 5913.06000
E 100 5 12673712681 *12681 12681.012681 5/5 16.7 3000
E 100 10 11568 111577 *11577 11577.011577 5/5 11.3 3000
E 10020 8431 '8436 *8436 8437.6 8440 3/5  280.8 3000
E 200 5 24927124930 *24930 24930.024930 5/5 11.1 6000
E 200 10 23302 723307 *23307 23307.023307 5/5 2034.9 6000
E 200 20 22377 122379 *22379 22380.222385 4/5 1295.4 6000

—

known to beoptimalvalues
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